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Abstract

We presenta parallel algorithmfor numeical calculatiors of electroric lattice modelscontainirg
interactiors anddisorder Self-corsistentpertubationtheoly providesthe frameawork for calculatirg the
effectof interactiors in themodel. We demorstratethis methal by examiring secone ordercorrections
to the specificheatfor the attractive Hubbad model on an8x8 lattice.

1 Introduction

Interestin supecondictivity is widesgead,dueto enormots averuesof appication suchaspowerful mag-
netsfor usein medidne andindustry andin losdesspower transkr. Much canbe learnal from a study of
supecondictivity atits fundamentallevel - thatof a smallgroup of atomicsitesandtheir eledrons How-
ever, the theaetical understanling of supeconductivity is still incomgete. For example,a reaistic model
of such a systan musttake into account the effects of interactions betwee electonsandof disorderin the
systen. The methodin this paperis a stepin this direction.

Pertubdion theoryis onepromising apprachto this probem. It allowsfor the study of systans much
larger thenthoseavailableto exad methods It allows for the study of sydemsat lower temperéaurescom-
paredwith quantumMonte Carlo calcuations, a methal exactto within staistica precsion. Also, it allows
for the easycalcuation of thermod/namicpropertiesof the systan andof electranic excitations.

For thesereasms, we have developedan algarithm for self-consigent secoml orderpertubation theory
calcdations of lattice modelscontaning interections and disorder  First orde treatmers in pertubation
theay have beendonefl], sowe examinethe effects of se@ndorde corrections to various themodynanic
quartities for thesemodels.We do sowith analgoiithm thatis extendableto orde's higher thansecad.

We corcentrde our discussionon the algorithm itself, including discussion of a unique methodfor
obtaning greder accuagy, aswell its memoryrequirementsandscaldility .

2 Method

We first mustdefinethe governing equationsof a sysemof eledronsin alattice. The Hamiltonian operator
descibesthe evolution of the quartum mechaircal statesof electonsin thelattice. It is definedas:
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Here K = —t E<i,j>(c;"gcj,g + H.c.) is thekinetic enagy like termrepresenthg possible jumpsof elec
tronsfrom siteto sitein thelattice. Thisis donevia ci{a andc; », the construcion anddestuction operdors



for a site 4 on the lattice with spin o, andt, the nea neigtbor hopping enegy. 7, = c;-r +Ci,c fepresens
the numberof electonsat a site with a certan spin o, andthustakes the value of 1 or 0 for fermions. U is
the interaction strergth parameer, x4 the chemica potential andV/ is a random potertial deteminedinde-
pencently at eachsite from a uniform distribution [—V, V]. Thisrandan potertial simulaesthedisorderby
makingit harde or easie for anelectronto leave a site depeming on the sizeandsignof ¥/ at eachsite.

The startof our calaulation is the consderaion of the non-interading part of the Hamiltonian[2]. For
sucha Hamiltonian, eigenfundions and eigervalues can be determired simply and thesecan be usedto
evaluae othe quantties. For example,the non-interading Greens function is obtainedfrom:

Go(r,z,z") Zws e &T(1 - ny) )

Where,; arethe 2 x Ny;e5 €igervectas obtanedfrom the diagonalization, & arethe eigawaluesof the
diagonalization, and:ns = 1/(ef& + 1). This function descibesthe evolution of an election addedat site
z' andremovedat sitez atime 7 later. Looking athow the eledron’s quartum mechaical statesevolve all
differentcombirations of initial andfinal sites andtimescantell muchaboutthermalynamicquantities of
the system.

This Greens function canbe usel to estimatea correctionto itself, approcimateto someorde, yielding
afunction referred to asthe self enegy anddended X.... not to be confusedwith the summationsymbol.
The algorithm thenis aniterative proces, with continualincorpordion of this self-enegy corredion badk
into G, wherehopefully the corredion getssmalle andsmalleruntil somecorvergercecriteria is met. The
resuting Greensfunction G thencontainsinformation abaut theeledronsandtheir interactionsto whateer
order we have calcultedthe self-enelgy. Theordically, we cancalcuate somecorredionsto infinite order
in this way, but this paperdiscusseshe secand ordercasein detail

3 TheAlgorithm

3.1 Sef-Consistent Loop

Referrirg to Figure 3.1, we first form the initial, non-interading Greens function: G,(r, z,z') from the
non4nteracting partof the Hamiltonian matrix, asin equaton 2. Here,the G, refersto thefactthatwe have
not yet incorporateal an interection term. It is definedto be a function of imaginay time , original site
locaion z, andfinal sitelocation 2/ andthuscortainsinfo abou the probability of jumpsfrom z to # taking
atime 7, for all combinatiors of z, 2/ andr.

Thisfunctionis tranformedto frequeng/ spacausingaparalelized disaete,FFTtoyield G (e, z, z').
This anticipates the next step incorporating a gues at the interection effects into G, to obtan the full
(interactionsincluded)Greens function G(e,, z, z'). Thisis done usingDysoris equdion:

G(en,x,a:') = [Go(emfﬂalj)il - Z(ena:ﬂax,)]il (3)

whereX(e,, z, z') is our gues at the interactionself-eremy.

Next, the Greens function is trandormed back to a time representaiton using anotter FFT to yield
G(7,z,z'). We arenow in a posiion to calaulate the next guessto the interaction self-enelgy. With
G(r,z,z"), we candefineafunction x (7, z,2') asfollows:

X(Ta z, ‘Tl) = G(T, T4, ‘Tir)G(T, z, "I’{L) + G(Ta Z4, .’I,'i)G(T, x|, ‘T{T) (4)
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Figurel: Schemat of self-consstentloop for evaluationof the Greendunction, G, andself-enegy, %

Thecorrection to orderU? is thendefinedas:

=2 (r,2,2") = ~Ux(r,z,2')Gy(~7,2',2) (5)
=W (r,2,0') = ~Ux(7,2,2") Gy (-7, 7', 2) (6)
E%) (r,2,2") = ~U*x(7,2,2") Gy, (- 7,2, 7) (7)
=@ (r,2,2') = U x(1,2,2") Gy (~7, 7', 2) (8)

This secoml orderinteraction is incorporatel bad into theloop after being transformedto frequeng space,
complding the self-consisentloop.

3.2 Electron Density

The self-cansiseng loop is buried inside anotter loop, thankfully onethatonly requires a few iterations
befare corvergence. This outemostloop of the algarithm adjuds paranetersin the Hamiltonian sothatthe
final ansverwill corvergeto the spedfied densty of electonsin thelattice.

Thedensty of electonsin the lattice depemls on the chemical potential, i1, of the sysem,incorporated
in the Hamiltonian. After obtaning a corvergedG(r, z, /) from aninitial guessof y, the elecron dersity
is calaulatedusingproperties of the Greens function:

Gu(r = 0%, z,0) =n — 1 9)
Gy (r— O+,x,:c) = —ng (20)

By summingover z anddividing by the numbe of sites,we obtain the dersity of electionsin the lattice.
A new value of p is calcdated using linear extrapolation on the two points we have in densty-chemical
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potential space. This converges quite rapidly, typically takingonly 3 or 4 iterationswith areasmableinitial
gues at u. After thedersity hascorverged, we areessatially done. All thatremainsis to usethe Greens
function just calcdatedto computeusdul things. Thesecalaulationswill be discussedater.

3.3 High frequency conditioning

Anothe isste to confront is that of a hardfrequeng cutoff. Imaginay time, in this formalism, is a con
tinuous variadde with a rangeof [0,1/7], whereT is the tempeature Frequemy, while disaete,hasan
infinite numbe of terms. However, we mustimplemen both asbeingdiscreteandfinite dueto the natue
of physial storage on acompuer. Errorsarisein trangorming coordnates dueto this finite sampling of a
continuous function. Thediscreae Fourier Transfamswe useareanapproimation to the exactdefinition:

N,
G(en) = /ﬂ e G(r,x, 2 & A Ze““”G(Ti,J;,x') (11)
0 N’T i1
We dealwith this loss of information by defining an andytic function that we can Fourier trangorm ex-
actly, andtha will, whensubtactedfrom the Greens function, remove the rapidy charging strucurein
G(7;)[3][4]. Thebyproductof theseandytic subtactionsaremarkedwith atilde in Figure3.1.
FromG,(t, z, z') onFigure3.1,wefirst subtractoff anandytic function,yielding amuchnicer looking
Greens function with a contiruousderivitive at - = 0. We then perform our numericdly approimate
FFT on this new setof datatha is lesssuseptide to numeical error. Finally, we add back the analtic
partthathasbeentransformedexactly into the target domain This high frequency condtioning costsvery
little computdionally becaisethe operdions arealgebraic andthusareperformedperfedly in pardlel, yet
bendits greatl in improvedaccuray in the FFT’s.

4 Computational |ssues

Much of theinitial work onthis project wassimply detemining if modelirg realistic systen sizes would be
feasble. The algarithm involves multiple inverdons, FastFourier Transfams, diagmalizaions, and other
linear algelraoperadionsperformedonthreedimensonalmatricesof high precison complex numbes. Each
of thesestes is perfomed pethapshundedsof timesbefore self-conssteny is achieved. This enamous
calcdational burden,alongwith the storagerequirementof the matrices placesrestictions on the size of
the problemswe cando. Thecomputaionsaredonein pardlel andstorage is distributed amongprocessos
which greaty increaseghe scopeof appication, but thereseento belimits evento this.

4.1 Linear Algebra Operations

Generalmatrix inverdons scaleas N3, where N is the numberof diagmal elements Techniqes exist to
do betterthanthis for spegal forms of matrices However, our definitions of the Greeris function andthe
self-enegy do not allow the useof thesespecalizedinverdons. N is not very goad, but it getsworse.
Matrix inversiors mustbe doneon eachtime or frequeng value of the Greens function. Sothe prodem
actudly scalesas M * N3 where M is the numbe of time or frequeng points to be compued. Genera
matrix diagonalizations alsogo as N3. Matrix diagonalizationdoes not affect the algorithm muchthoudh,
becaiseit is only pefformedonone N x N matrix, the Hamiltonian. The Hamiltonian is diagonalized to
producethe eigawvecbrsandeigervaluesthatarethenusedto creae G, (, z, z').

Otheropeationrs also affect the time scaling of the algarithm. The analyic subtrations and additions
cantake a significant amountof time. They scaleas M = N?. The biggest bottlened of all involvesthe
geneationof G,(r, z, ') from theeigervectos andeigervalues of thediagonalizedHamiltonian. Referrirg
to equaion (2), for every time/frequeng point M, N original sitelocatonsz, and N final sitelocations £,



we mustdo asumover all the N staesof the diagonalized Hamiltonian. It thenscales asM * N, similar
to othe opemtionsin the algarithm. It is the biggestbottlenedk beauseeachpassthrough the innermost
loop requires 3 memorylookups and assigments,2 multiplications,and an add operdion. This, couded
with the factthatour current compier doesn't seen to optimize nealy aswell asthe LAPACK andBLAS
implemenations of theinversiors anddiagmalizaions, causethesecalculations to be very time consiming
in ourimplemenationof thealgarithm. Newer compiles arebeinglookedat, which will hopefully clearup
this problem.

4.2 Memory Allocation

Overall, it is the storgge of thesehuge matricesthat resticts the problem size domain. To be ableto get
physically valid resuts, lattice sizes of 8x8 or larger arerequred. For a typicd probdem run with a 12x12
lattice and 128 time/frequency points, the Greens function matrix G(r, =, 4*) requres 288x288x128 com-
plex numbergo bestored. It is 288x288becawseinformation abaut spinup andspindown electonsatead
site mustbe stored. Eachcomplex numbe is madeup of two floating point numkers,which on our sygem
require 4 byteseachto store.Soa 12x12 latticerequres approxiimately 288x288x128x8 or 85x1§ bytes.

Thealgarithm requiresnotonly thatwe store G(r, z, /), but two copiesof X (e, z, ') andx(r, z, z') as
well. Two copiesof theself-enegy arerequiredbecusen orderto check for its convergence we mustkeep
acopy of its valueon the current andpreviousiteration. Thewhole progamthenneeds288x288x128x8x4
or approxiimately 340x10° bytes One canseenow why pardlization is so valuable. By splitting up this
matrix among8 processors modestworkgations having only 128Mb canbe usedto tackle prodemsof this
sizeor larger.

4.3 Parallization

Being ableto do computaions like this in paralkl is a major motivation for doing themin thefirst place.
Problemscalirg would quickly overwhelmaworkstation,forcing the useof somekind of supercompuer to
getarything done Beowulf clustershave provento be highly effective becasethey arerelatvely chea,
porteble, and powerful. Our Beowulf consigs of 16 nodesconrectedwith a 100Mb SmartSwitch via fast
ethenet.

The Greens function andthe 2nd orde self-enelgy correction 32), aresplit amongparallel processos
along thetime/frequemy axis. Linearalgebraopeiations aredonewith respectto thespaeindices z and4,
with ¢, or 7 fixed. Thus,thes calaulationscanbe dore independetly, with eachcompute assigiedarange
of 7 or e, values. Thisis the obvious choicein paralization. Eachcomputig node storesits own copy of
G, makingthe opertions entirdy loca, resuting in a 1/(N,,,.) redudion in storageandcomputaion time.

Thesuccesof theclusteris madeobviouswith thefollowing table. It shavstimingsfor different cluster
sizesall doing two inversionson a three-dimersionalmatrix.

Matrix Size | # of Proc.| Time(sec)
8x8x128 2 13.44
8x8x128 4 6.782
8x8x128 8 3.395
8x8x128 16 1.697

The actud reduction in time is very closeto this theaeticd limit, shaving the efficiency of this method.
We expeded this resut, becawethereis actualy very little communcation going on here. Eachsedion

of the matrix is gereratedlocally at the stat of the process,the inversionis dore locally, thenthe process
stops. The only communicéon is theinitial commandelling the processto statt, andead processtelling

the masteirit is done.



Thingsarerit so perfect whenactud communi@tion mustoccur This happgensin our algorithm with
the FFT’s. Basicdly, we mustdo a parallel trangposeoperation on a three-dimengnal matrix to getthe
right axis split amongprocessors This requiressendng large churks of the matrix around all atonce.The
following tablesummerzestherestts for differentnumbersof nodes computng three FFT's:

Matrix Size | # of Proc.| Time(seq
8x8x128 2 8.359
8x8x128 4 6.479
8x8x128 8 5.553
8x8x128 16 9.309

Initi ally, asthe numbe of procesorsusedis increased,significant perfarmanceincreaeis seen.How-
ever, if we cortinueto increasethe numbe of processos the performanceincreasebemmesdlesssignificant,
or even stars to deaease.This is simply dueto network traffic. As moreandmorenodesstartcrammirg
large amouns of datathrough the switch essatially at the sametime, we seeslowver and slower transfer
times.

The most efficient way we found to do the transposerequred by the FFT’s involves pairs of nodes
trading information. This is donewith a loop wheren eachpair of processorswhosesummedD’s mod
(Nproc — 1) equalstheloop incremeration varialde, tradeinformaton. This might be causing problemsfor
larger numbes of nodes becaseevery processis sendng informationthrough the switch at the sametime.
Possibé waysto overcomethis problem involve simply getting a highe volume switch, sud asa Gigabit
switch, limiting the size of the padket sentby eat compute, or somehowbetta optimizing the transfer,
maybeby staggringthe send andrecevessonotall nodesaretalking to eachothe atthe sametime.

Hereis a summaryof the mosttime consuiming sectios of oneiteration of the algarithm, for different
sizedlattices anddifferent sized clusters.

| LatticeSize | # of Proc.| Inversions| FFT's | Analytic +/- | Generaing G, |

8x8x128 2 13.441 | 8359 | 15.4® 16.80
8x8x128 4 6.782 | 6.479 8.225 9.754
8x8x128 8 3.395 | 5553 4.090 4.668
8x8x128 16 1.697 | 9.309 2.054 2.485
12x12x128 4 95.47 | 31.28]| 41.717 98.18
12x12x128 8 47.362 | 21.38| 20.47% 52.118
12x12x128 16 23.806 | 43.79| 10.1% 28.88

It looks asif there is going to be a point wherethe communicéion coss will overwhem the bendits
gainedby pardlization.

5 Reaults

One of the major motivations for using pertubation theay is the fact that it makesit relatively easyto
calcdatethermalynamicpropetiesof thelattice. This sedion presatsthe equdionsneessaryto solve for
interestingquantties, aswell assomeof the actualresuts obtairedfrom the code.

Themainquantty of interestis the grandthermod/namicpotential 2, which canbe obtanedfrom the
self-enegy X andthe Greens function G via the Luttinger andWard formula[5]:

QT, p) = —2Tr[EG + In(—G, 1 + £)] + @[G] (12)



1st Order 2nd Order

Figure 2: Compariso of 1st- and 2nd-order perurbaion theoryresuts for the spatal dependerte of the
local supercorducting orde paramete

Fromthis andthetotd average enegy, we cancalcdatethe Helmholtz free enagy, F, andtheentrqy, S, of
the system.

F =T, p) + pNe (13)
g T - szavg + pNNe (14)

The Greens function also contans information on the magneization of the lattice, the densty of states

of eledronsin the lattice, and on a supecondicting’order paramegr’ |U Gio(7 = r/,7 = 0)| Thelatter
charaterizesthe strergth of supeconductivity asa function of posiion in thelattice.

The algorithm will respndto an extemal magneic flux, h, in equdion 1. However, in all our resuls
sofar h, = 0, sothe magnetzationis uninteresing. The supecondtcting orderparamegr variesgreaty as
disarderis changed. Moreover, it reactsdifferently in our 2nd order calcuation ascompaedto 1storder.
As canbeseenin Figure2, the lattice supercorductvity is lessdisorderal aswell having a higher average
magniudefor 2nd order.

Figure3 shaws the spedfic heatc(T') = T'dS/dT asa function of tempeaturefor 1stand2ndorderat
3 different disorderstrengths The pe&s areall more pronauncedat 2nd order, andthe orderparamegr is
bigger. This correpondsto the highe average magniudefor 2ndorderin Figure2.

6 Conclusion

Theresuls preentedhereare only the beginning of whatis possble given the very geneal natureof the
algarithm. Higherdisarder strergthsfor both 1stand2nd orde, disorderaveraging andsupefluid dersity
calcdations areafew things we hopeto look atin thefuture. The speedof the algorithm alsowill continue
to improve, both from developing new ways of implementng the slower functions aswell asimproving
hardvareandsoftware suport.
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Figure3: (Top) Specifichea vs. temperaure for differentdisorder strergths. (Bottom) Averagemagniude
of theloca supecondicting order parameer.
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