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Abstract

We presenta parallelalgorithmfor numerical calculations of electronic lattice modelscontaining
interactions anddisorder. Self-consistentperturbationtheory providestheframework for calculating the
effectof interactions in themodel.We demonstratethis method by examining second- ordercorrections
to thespecificheatfor theattractiveHubbard model onan8x8 lattice.

1 Introduction

Interestin superconductivity is widespread,dueto enormous avenuesof application suchaspowerful mag-
netsfor usein medicine andindustry andin losslesspower transfer. Much canbe learned from a study of
superconductivity at its fundamentallevel - thatof a smallgroup of atomicsitesandtheir electrons. How-
ever, the theoretical understanding of superconductivity is still incomplete. For example,a realistic model
of such a system musttake into account theeffects of interactionsbetween electronsandof disorder in the
system. Themethodin this paperis a stepin this direction.

Pertubation theoryis onepromising approachto this problem. It allowsfor thestudy of systemsmuch
larger thenthoseavailableto exact methods. It allows for thestudy of systemsat lower temperaturescom-
paredwith quantumMonteCarlocalculations,amethod exactto within statistical precision.Also, it allows
for theeasycalculation of thermodynamicpropertiesof thesystem andof electronic excitations.

For thesereasons,we have developedanalgorithm for self-consistent second orderpertubation theory
calculations of lattice modelscontaining interactions and disorder. First order treatments in pertubation
theory have beendone[1], sowe examinetheeffects of secondorder corrections to various thermodynamic
quantities for thesemodels.We do sowith analgorithm that is extendableto orders higher thansecond.

We concentrate our discussionon the algorithm itself, including discussionof a unique methodfor
obtaining greater accuracy, aswell its memoryrequirementsandscalability.

2 Method

Wefirst mustdefinethegoverning equationsof a systemof electronsin a lattice.TheHamiltonian operator
describestheevolution of thequantum mechanical statesof electronsin thelattice. It is definedas:���������	��
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is thekinetic energy like termrepresenting possible jumpsof elec-

tronsfrom siteto sitein thelattice.This is donevia
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 � ! and

+ 
 � ! , theconstruction anddestruction operators
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for a site 4 on the lattice with spin 5 , and
$
, the near neighbor hopping energy.

� 
 � ! =
+ -
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 � ! represents

thenumberof electronsat a sitewith a certain spin 576 andthustakes thevalue of 1 or 0 for fermions.
�

is
the interaction strength parameter,

�
the chemical potential and

� 

is a random potential determinedinde-

pendently at eachsitefrom auniform distribution 8 �9� 6 �;:
. This random potential simulatesthedisorderby

makingit harder or easier for anelectron to leavea sitedepending on thesizeandsignof
� 


at eachsite 4 .
The startof our calculation is the consideration of the non-interacting part of the Hamiltonian[2]. For

sucha Hamiltonian, eigenfunctions and eigenvalues canbe determined simply and thesecan be usedto
evaluate other quantities. For example,thenon-interacting Green’s function is obtainedfrom:< �=�,> 6@?A6@?�B �C�D� �FEHGJIE � 4�B � G E � 4 �LK=M�NPOLQ��LRS��� E �

(2)

Where
G E

arethe TVUXW E 
ZY\[ E
eigenvectors obtainedfrom the diagonalization, ] E arethe eigenvaluesof the

diagonalization, and:
� E �^R`_a�bK�c NPO � R`�

. This function describestheevolution of anelectron addedat site? B andremovedat site ? a time
>

later. Looking at how theelectron’s quantum mechanical statesevolve all
differentcombinations of initial andfinal sites andtimescantell muchaboutthermodynamicquantitiesof
thesystem.

This Green’s function canbeused to estimateacorrectionto itself, approximateto someorder, yielding
a function referred to asthe self energy anddenoted d ... not to be confusedwith the summationsymbol.
Thealgorithm thenis an iterative process, with continual incorporation of this self-energy correction back
into

<
, wherehopefully thecorrection getssmaller andsmalleruntil someconvergencecriteria is met.The

resulting Green’s function
<

thencontainsinformation about theelectronsandtheir interactionsto whatever
order we have calculatedtheself-energy. Theoretically, we cancalculatesomecorrections to infinite order
in this way, but this paperdiscussesthesecond ordercasein detail.

3 The Algorithm

3.1 Self-Consistent Loop

Referring to Figure3.1, we first form the initial, non-interacting Green’s function:
< �=�,> 6@?A6@? B � from the

non-interacting partof theHamiltonian matrix,asin equation2. Here,the
< �

refersto thefactthatwehave
not yet incorporated an interaction term. It is definedto be a function of imaginary time

>
, original site

location ? , andfinal sitelocation ? B andthuscontainsinfo about theprobability of jumpsfrom ? to ? B taking
a time

>
, for all combinations of ? , ? B and

>
.

This function is transformedto frequency spaceusingaparallelized, discrete,FFTto yield
< �e�bf@g 6@?h6@? B � .

This anticipates the next step: incorporating a guess at the interaction effects into
< �

to obtain the full
(interactionsincluded)Green’s function

< �bf3g 6@?h6@? B � . This is done usingDyson’s equation:< �bf@g 6@?h6@?�B �i� 8 < �=�bfjg 6@?A6@?�B �.Mlkm� d �bfjg 6@?h6@?nB �P:bMlk
(3)

where d �bf g 6@?h6@? B � is our guess at theinteractionself-energy.
Next, the Green’s function is transformed back to a time representation using another FFT to yield< �,> 6@?A6@? B � . We are now in a position to calculate the next guessto the interaction self-energy. With< �,> 6@?A6@? B � , wecandefinea function o �,> 6@?A6@? B � asfollows:o �,> 6@?h6@? B �m� < �,> 6@? � 6@? B� � < �,> 6@? � 6@? B� � � < �,> 6@? � 6@? B� � < �,> 6@? � 6@? B� � (4)
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Figure1: Schematic of self-consistentloop for evaluationof theGreensfunction,
<

, andself-energy, d
Thecorrection to order

���
is thendefinedas:d9� �j��@� �,> 6@?h6@? B �C����� � o �,> 6@?A6@? B � < �@� �L�X> 6@? B 6@? �

(5)d � �j��@� �,> 6@?h6@? B �C����� � o �,> 6@?A6@? B � < �@� �L�X> 6@? B 6@? �
(6)d � �j��@� �,> 6@?h6@? B �C����� � o �,> 6@?A6@? B � < �@� �L�X> 6@? B 6@? �
(7)d9� �j��@� �,> 6@?h6@?�B �C����� � o �,> 6@?A6@?�B � < �@� �L�X> 6@?�B�6@? �
(8)

This second orderinteraction is incorporated back into theloop after being transformedto frequency space,
completing theself-consistent loop.

3.2 Electron Density

The self-consistency loop is buried inside another loop, thankfully onethat only requires a few iterations
before convergence.This outermostloop of thealgorithm adjusts parametersin theHamiltonian sothatthe
final answer will convergeto thespecified density of electronsin thelattice.

Thedensity of electronsin thelattice dependson thechemical potential,
�

, of thesystem,incorporated
in theHamiltonian. After obtaining a converged

< �,> 6@?A6@? B � from aninitial guessof
�

, theelectron density
is calculatedusingproperties of theGreen’s function:< �@� �,>��"�¡  6@?h6@? �m�
� [¢ �£R

(9)< �@� �,>¤�¥�   6@?h6@? ���D�%� [¢ (10)

By summingover ? anddividing by the number of sites,we obtain the density of electronsin the lattice.
A new value of

�
is calculatedusing linear extrapolation on the two points we have in density-chemical
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potential space.This convergesquite rapidly, typically takingonly 3 or 4 iterationswith a reasonableinitial
guess at

�
. After thedensity hasconverged,we areessentially done.All that remainsis to usetheGreen’s

function just calculatedto computeuseful things.Thesecalculationswill bediscussedlater.

3.3 High frequency conditioning

Another issue to confront is that of a hardfrequency cutoff. Imaginary time, in this formalism, is a con-
tinuous variable with a rangeof 8 � 6 R`_`¦S:

, whereT is the temperature. Frequency, while discrete,hasan
infinite number of terms.However, we mustimplement both asbeingdiscreteandfinite dueto the nature
of physical storage on a computer. Errorsarisein transforming coordinates dueto this finite sampling of a
continuous function. Thediscrete FourierTransformswe useareanapproximation to theexactdefinition:

< �bf@g��C�H§ c¨ K 
x©,ª Q < �,> 6@?A6@? B �i« ¬W Q®­l¯� 
\° k K 
x©,ª QP± < �,> 
 6@?h6@? B � (11)

We dealwith this lossof information by defining an analytic function that we canFourier transform ex-
actly, andthat will, whensubtractedfrom the Green’s function, remove the rapidly changing structure in< �,> 
 �

[3][4]. Thebyproductof theseanalytic subtractionsaremarkedwith a tilde in Figure3.1.
From

< �e�,> 6@?h6@? B � onFigure3.1,wefirst subtractoff ananalytic function,yielding amuchnicer looking
Green’s function with a continuousderivitive at

>H�²�
. We then perform our numerically approximate

FFT on this new setof datathat is lesssusceptible to numerical error. Finally, we addback the analytic
part thathasbeentransformedexactly into thetarget domain. This high frequency conditioning costsvery
little computationally becausetheoperationsarealgebraicandthusareperformedperfectly in parallel, yet
benefits greatly in improvedaccuracy in theFFT’s.

4 Computational Issues

Much of theinitial work on this project wassimply determining if modeling realistic system sizeswould be
feasible. Thealgorithm involvesmultiple inversions,FastFourier Transforms,diagonalizations,andother
linear algebraoperationsperformedonthreedimensionalmatricesof highprecision complex numbers. Each
of thesesteps is performedperhapshundredsof timesbefore self-consistency is achieved. This enormous
calculational burden,alongwith the storagerequirementof the matrices, placesrestrictions on the sizeof
theproblemswe cando. Thecomputationsaredonein parallel andstorage is distributed amongprocessors
which greatly increasesthescopeof application, but thereseemto belimits evento this.

4.1 Linear Algebra Operations

Generalmatrix inversions scaleas W´³ , where W is the numberof diagonal elements. Techniquesexist to
do betterthanthis for special forms of matrices. However, our definitions of the Green’s function andthe
self-energy do not allow the useof thesespecialized inversions. W�³ is not very good, but it getsworse.
Matrix inversions mustbe doneon eachtime or frequency valueof the Green’s function. So the problem
actually scales as µ UXW�³ where µ is the number of time or frequency points to be computed. General
matrix diagonalizations alsogo as W ³ . Matrix diagonalizationdoes not affect thealgorithm muchthough,
becauseit is only performedon one W·¶¸W matrix, the Hamiltonian. TheHamiltonian is diagonalized to
producetheeigenvectorsandeigenvaluesthatarethenusedto create

< �e�,> 6@?A6@? B � .
Otheroperations alsoaffect the time scaling of the algorithm. The analytic subtractions andadditions

cantake a significant amountof time. They scaleas µ UXW �
. The biggest bottleneck of all involvesthe

generationof
< �=�,> 6@?A6@? B � from theeigenvectorsandeigenvaluesof thediagonalizedHamiltonian. Referring

to equation (2), for every time/frequency point µ , W original sitelocations ? , and W final sitelocations ? B ,
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we mustdo a sumover all the W statesof thediagonalizedHamiltonian. It thenscales as µ¹U�W ³ , similar
to other operationsin the algorithm. It is the biggestbottleneck becauseeachpassthrough the innermost
loop requires3 memorylookups andassignments,2 multiplications,andan addoperation. This, coupled
with thefact thatour current compiler doesn’t seem to optimizenearly aswell astheLAPACK andBLAS
implementationsof theinversionsanddiagonalizations, causethesecalculations to bevery time consuming
in our implementationof thealgorithm. Newercompilersarebeinglookedat,which will hopefully clearup
this problem.

4.2 Memory Allocation

Overall, it is the storage of thesehuge matricesthat restricts the problem sizedomain. To be able to get
physically valid results, lattice sizes of 8x8 or larger arerequired. For a typical problem run with a 12x12
lattice and128time/frequency points, theGreen’s function matrix

< �,> 6@?h6@? B � requires288x288x128 com-
plex numbersto bestored. It is 288x288becauseinformation about spinupandspindown electronsateach
sitemustbestored. Eachcomplex number is madeup of two floatingpoint numbers,which on our system
require 4 byteseachto store.Soa 12x12 latticerequiresapproximately288x288x128x8or 85x

R�� º
bytes.

Thealgorithm requiresnotonly thatwestore
< �,> 6@?h6@? B � , but two copiesof d �bf�g 6@?A6@? B � and o �,> 6@?A6@? B � as

well. Two copiesof theself-energy arerequiredbecausein orderto check for its convergence,wemustkeep
a copy of its valueon thecurrent andpreviousiteration. Thewholeprogramthenneeds288x288x128x8x4
or approximately 340x

R�� º
bytes. Onecanseenow why parallization is so valuable. By splitting up this

matrix among8 processors, modestworkstationshaving only 128Mbcanbeusedto tackleproblemsof this
sizeor larger.

4.3 Parallization

Being ableto do computations like this in parallel is a major motivation for doing themin the first place.
Problemscaling would quickly overwhelmaworkstation,forcing theuseof somekind of supercomputer to
get anything done. Beowulf clustershave proven to be highly effective becausethey arerelatively cheap,
portable, andpowerful. Our Beowulf consists of 16 nodesconnectedwith a 100Mb SmartSwitchvia fast
ethernet.

TheGreen’s function andthe2ndorder self-energy correction, d � �j� , aresplit amongparallel processors
along thetime/frequency axis.Linearalgebraoperationsaredonewith respectto thespace indices ? and ? B ,
with

f@g
or

>
fixed.Thus,thesecalculationscanbedoneindependently, with eachcomputer assignedarange

of
>

or
f g

values. This is theobviouschoice in parallization. Eachcomputing node storesits own copy of<
, makingtheoperations entirely local, resulting in a 1/(Wn»�¼ �L½ ) reduction in storageandcomputation time.

Thesuccessof thecluster is madeobviouswith thefollowing table.It showstimingsfor different cluster
sizesall doing two inversionson a three-dimensionalmatrix.

Matrix Size # of Proc. Time(sec)
8x8x128 2 13.441
8x8x128 4 6.782
8x8x128 8 3.395
8x8x128 16 1.697

The actual reduction in time is very closeto this theoretical limit, showing the efficiency of this method.
We expected this result, becausethereis actually very little communicationgoing on here. Eachsection
of the matrix is generatedlocally at the start of the process,the inversionis done locally, thenthe process
stops. Theonly communication is the initial commandtelling theprocessto start, andeach processtelling
themasterit is done.
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Thingsaren’t so perfect whenactual communication mustoccur. This happensin our algorithm with
the FFT’s. Basically, we mustdo a parallel transposeoperation on a three-dimensional matrix to get the
right axissplit amongprocessors. This requiressending largechunks of thematrix around all at once.The
following tablesummerizestheresults for differentnumbersof nodes computing three FFT’s:

Matrix Size # of Proc. Time(sec)
8x8x128 2 8.359
8x8x128 4 6.479
8x8x128 8 5.553
8x8x128 16 9.309

Initi ally, asthenumber of processorsusedis increased,significant performanceincreaseis seen.How-
ever, if wecontinueto increasethenumber of processors theperformanceincreasebecomeslesssignificant,
or even starts to decrease.This is simply dueto network traffic. As moreandmorenodesstartcramming
large amounts of datathrough the switch essentially at the sametime, we seeslower andslower transfer
times.

The most efficient way we found to do the transposerequired by the FFT’s involves pairs of nodes
trading information. This is donewith a loop wherein eachpair of processorswhosesummedID’s mod� W¾»�¼ ��½h�¿R`�

equalstheloop incrementation variable, tradeinformation. This might becausingproblemsfor
larger numbers of nodes becauseevery processis sending informationthrough theswitchat thesametime.
Possible waysto overcomethis problem involve simply getting a higher volumeswitch,such asa Gigabit
switch, limiting the sizeof the packet sentby each computer, or somehowbetter optimizing the transfer,
maybeby staggeringthesends andreceivessonot all nodesaretalking to eachother at thesametime.

Hereis a summaryof themosttime consumingsectionsof oneiterationof thealgorithm, for different
sizedlattices anddifferent sized clusters.

LatticeSize # of Proc. Inversions FFT’s Analytic +/- Generating
< �

8x8x128 2 13.441 8.359 15.459 16.809
8x8x128 4 6.782 6.479 8.225 9.754
8x8x128 8 3.395 5.553 4.090 4.668
8x8x128 16 1.697 9.309 2.054 2.485

12x12x128 4 95.47 31.263 41.717 98.178
12x12x128 8 47.362 21.348 20.474 52.118
12x12x128 16 23.806 43.79 10.126 28.843

It looks asif there is going to be a point wherethe communication costs will overwhelm the benefits
gainedby parallization.

5 Results

One of the major motivations for using pertubation theory is the fact that it makes it relatively easyto
calculatethermodynamicpropertiesof thelattice. Thissection presentstheequationsnecessaryto solve for
interestingquantities,aswell assomeof theactualresults obtainedfrom thecode.

Themainquantity of interest is thegrandthermodynamicpotential À , which canbeobtainedfrom the
self-energy d andtheGreen’s function

<
via theLuttinger andWardformula[5]:À �Á¦ 6 �A�i��� T=ÂhÃ281d < ��ÄÆÅ �L� < Mlk� � d �P: �ÈÇ 8 < :

(12)
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Figure2: Comparison of 1st- and2nd-orderperturbation theory results for the spatial dependence of the
local superconducting order parameter.

Fromthis andthetotal averageenergy, wecancalculatetheHelmholtz freeenergy, F, andtheentropy, S,of
thesystem. É � À �Á¦ 6 �A� � � W [

(13)Ê �ËÀ �Á¦ 6 �A�Ì�	Í9ÎjÏjÐ � � W [
¦ (14)

The Green’s function also contains information on the magnetization of the lattice, the density of states

of electronsin the lattice, andon a superconducting ’order parameter’ Ñ � < k � ��ÒÓ � ÒÓ B 6 >����Ô� Ñ The latter
characterizesthestrength of superconductivity asa function of position in thelattice.

The algorithm will respond to an external magnetic flux,
� �

in equation 1. However, in all our results
sofar

���X�Õ�
, sothemagnetizationis uninteresting. Thesuperconducting orderparameter variesgreatly as

disorder is changed. Moreover, it reactsdifferently in our 2nd order calculation ascompared to 1st order.
As canbeseenin Figure2, the lattice superconductivity is lessdisordered aswell having a higher average
magnitudefor 2ndorder.

Figure3 shows thespecific heat
+=�Á¦Ö���Õ¦9× Ê _2×�¦

asa function of temperaturefor 1stand2ndorderat
3 different disorderstrengths. Thepeaks areall morepronouncedat 2ndorder, andtheorderparameter is
bigger. This correspondsto thehigher average magnitudefor 2ndorder in Figure2.

6 Conclusion

The results presentedhereareonly the beginning of what is possible given the very general natureof the
algorithm. Higherdisorderstrengthsfor both1stand2ndorder, disorderaveraging, andsuperfluid density
calculations area few things we hopeto look at in thefuture. Thespeedof thealgorithm alsowill continue
to improve, both from developing new waysof implementing the slower functions aswell as improving
hardwareandsoftware support.
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Figure3: (Top) Specificheat vs. temperaturefor differentdisorder strengths.(Bottom)Averagemagnitude
of thelocal superconducting order parameter.
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