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Metals, semiconductors, 
superconductors

Regular solids are composed of periodic 
arrangements of atoms

Figures: http://cst-www.nrl.navy.mil/lattice/



Each atom contains electronic orbitals
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E � 1eV

kbT � 1
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40 eV

Only a small number of atomic orbitals contribute to changes
in electronic properties between T=0K and 300K.

Figures: http://www.orbitals.com



A solid can be modeled with one or two orbitals in
each unit cell (repeating unit)

N x

� 3

N y

� 3

  

Electrons may move from one atom to another, staying
in the valence orbitals and obeying the Pauli exclusion
principle.



In the absence of interactions, valence electrons propagate
through the crystal lattice as waves.
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Wave number,      , is proportional to the x-component of 
momentum for an electron having this wave function.
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Wave function energies



Wave functions in two dimensions

�

k � kx ,ky

(1,1) modulation

E � E

�

k : Energies depend on wave vector





Summary so far

� Solids consist of many atoms in a periodic 
arrangement

� A small number of orbitals determine low-energy 
electronic properties

� Assuming interactions are weak, electrons occupy 
bands in solids

� The energies of these bands and how they are 
occupied determines if solid acts as a metal, 
semiconductor, or insulator



Thermodynamics of metals and 
semiconductors

Metals:

# of thermally excited electrons is proportional to

kbT of energy per  excited electron

kbT

thermal energy = kbT 2 Specific heat = dE
dT
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Metals:

# of electrons polarized by H is proportional to �

B H
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Electron interactions in solids

Weak coupling: long times/distances between scattering events

Vq

Wave properties still dominate electronic behavior.

Strong coupling: electrons behave more like billiard balls

Free wave picture is not valid.



Attractive interactions: s-wave superconductivity 

No interaction

� Large spatial separation

� Arbitrary phases
� Phase locked

� Coherence length, 

�

o

� Exciting an electron has a finite energy cost  (semiconductor-like)  

� This energy is small (~ meV).   Pairing is destroyed by ~100K.

� Without pairing, normal metallic behavior is restored.

� Binding energy, 

�

s



� Gap is largest at T=0 K

� Gap is reduced by temperature and disappears at Tc ~ 1 to 100 K



Thermal properties



s-wave vs. d-wave superconductivity

Propagation along (1 0) or (0 1) Propagation along (1 1)

� For s-wave superconductors, propagation direction is irrelevant

� For d-wave superconductors: (1 0) is paired, (1 1) is not paired

� Thermodynamics are between that for a metal and s-wave 
superconductor.



There are a small number
of low energy excitations
in a d-wave superconductor.

Gap features are weaker in a 
d-wave superconductor.



           Motivation:  unusual, but important materials

�Cuprate superconductors are of this type. These 
superconduct  up to 150 K.

�These materials show several anomalies, for example

� Superconducting transition is driven by a lowering of 
kinetic energy: Molegraaf, et al. (2002)

� Excitations are not wave-like above Tc: 
Norman, et al. (1998)
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2
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Motivation: To what extent can these 
properties be understood from a weak-

coupling picture?  

� Strong coupling effects are evident in certain limits (1 
electron per orbital).  Anderson: cuprates are strong 
coupling systems.

� Deisz, et al. (1998), Benneman et al. (1998): destruction of 
wave-like properties can be observed in a weak-coupling 
approximation.

� Pao, Bickers, Monthoux, and Scalapino (1998): weak-
coupling approximation produces a d-wave superconductor. 
 



Motivation: to do list

� Weak-coupling results are incomplete

� Missing specific heat, energy changes, spin response, 
magnetic penetration depth, etc.

� Full weak-coupling data will aid interpretation of 
experimental results.

� 3D

� Previous d-wave calculations used untested numerical 
approximations.

� Assess relevance of missing terms. Generalize scheme.

� Develop systematic procedure, code for future use.



Model: wave propagation

� Two-dimensional lattice of atoms, one orbital per
unit cell.

 n=0.89 (electron filling)

 t = hopping
   = 0.25 eV

E(k) = -2t ( cos(k
x
) + cos(k

y
) )



Model: interactions

� Energy penalty, U, for two electrons in an orbital

DE = U  (1 to 2 eV)

�

 To leading order, this favors antiferromagnetic order

�

 These correlations in turn lead to d-wave pairing.



Method: perturbation theory

� Simple model cannot be solved except for a
small number of sites.

� #states:  (4 per orbital)Number of orbitals

                  = over 4 billion for 16 orbitals.

� Treat wave propagation exactly, incorporate 
interaction effects as a perturbation.

� Valid (maybe) for  U < 8 t

� Use an infinite order summation scheme:

1 � x
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�
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Method: Feynman diagrams

� Graphical elements

t=0, R=0, s '
electron is
created

t, R,s
electron is 
removed

G
ss'

(R,t): the propagator

G = interaction vertex (U)

K(R,t) = particle-particle propagator

without interactions:
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Form all connected diagrams with two free ends

K
K K

� Bubble sequence: K + K*K + K*K*K + ..... = T

� Interaction effects are incorporated into the propagator.

G � Go

�

GoT Go Go

�Recalculate the properties of electrons.

�Reevaluate the interaction diagrams based on update properties.

�Compute specific heat, entropy, etc.



Finite size effects

� If the system is too small

� Large gaps occur in the energy level distribution:
             DE > thermal energy per electron

� Real samples contain many atoms (1023).  A small 
system may have different properties.

� Numerical calculations are feasible only up to 
16x16 (perhaps 32x32)

� Solution: start small, bump up, and observe 
trends.  "DCA" for interaction effects.



k
x

k
y � With a small number of atomic sites,

   there are just a few allowed k-vectors

k
x

k
y � With too many k-vectors, the 

   calculation becomes unfeasible.

Solution: Use a small system to evaluate
scattering effects.  Use a large system
for evaluating thermodynamics (DCA).



� 64x64 lattice is sufficient for removing level structure effects

� Necessary size of the interaction cluster = ?

� 16x16 is limit for computer resources at UNI

� This number could be larger than 64x64 in some cases



Some Results

� Pseudogap forms ahead of superconductivity



Phase transition



� Fit uses a linear form at high T

� Assumes a small jump at Tc

van der Marel, Leggett, 
Loram and Kirtley (2002)

� Non-linear above Tc

� Large jump at Tc

Specific heat



Pauli spin susceptibility

� ?



Upper critical field

� Standard weak coupling:  H
c
(T) ~ 1 - (T / T

c
)2



Energetics below Tc

� As density approaches one, KE loss drives the transition.

� Weak transition at n=0.80 is due to KE gain / PE loss balance.



Three dimensional limit

� Several cubic superconductors: 

� CeIn
3
, PrOs

4
Sb

12

� Magnetic interactions are important

� Related compounds seem to be d-wave

� 3D limit is more challenging numerically

� 2x2x2=8, 4x4x4=64, 8x8x8=512 are feasible

� DCA method is especially necessary in this case



Izawa, et al. (2002): multiple 
superconducting phases, unique 
gap structure.



Results: Three dimensions

2D
1D

3D



Numerical results show three distinct phases.

2D limit: Paired electrons are in an x2-y2 state

1D limit: pairing state is  3z2-r2 state

3D limit: pairing state is (x2-y2) + i ( 3z2-r2 )

� 1D - 3D - 2D transition constitutes a quantum critical point

� In 3D gap disappears for wave vectors with  kx = ky = kz

� This state violates time reversal symmetry
 Magnetic moment induced by boundaries.
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time reversal

Time reversal symmetry:   �
� t �

�

	 t

If the wave function cannot be made purely real at t=0, then
it does not satisfy this symmetry.

y  = (x2-y2) + i ( 3z2-r2 )



Future directions

� Complete 2D calculations for 4x4, 8x8, and
16x16 interaction clusters.

� Calculate magnetic penetration depth.

� Evaluate the thermodynamics in 3D

� Evaluate effects of disorder (particularly in 3D).


